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ABSTRACT

A Winkler soil model for pile groups is described for both axial
and flexural responses of pile groups subjected to dynamic loading.
Using this soil model, closed form solutions of dynamic responses of
pile groups are obtained. The responses of pile groups are reviewed
for two-pile groups and the natures of pile-soil-pile interactions are
studied. The frequency dependent parameters of the equivalent Kelvin-
Voight model are shown for 2 x 4 piles attached to a common rigid cap.

INTRODUCTION

Several people have studied the dynamic responses of pile groups.
Among them, Wolf and Von Arx (1978) used a finite element method.
Nogami (1979) and Kaynia and Kausel (1982) used solutions obtained
from equations for wave propagation in a three-diimensional continuum
in their analyses of pile groups. Nogami (1980, 1982, and 1983) and
Sheta and Novak (1982) developed a Winkler soil model for grouped
piles which can account for a dynamic pile-soil-pile interaction in a
Winkler model. The parameters of this Winkler model were defined from
a solution obtained from equations of wave propagation in a plane
strain medium.

This paper summarizes some of the findings obtained in the
previous studies by the authors and also presents the new results on
the dynamic response of pile groups.

SOIL MODEL

Two identical massless cylindrical columns are embedded in a
homogeneous soil stratum as shown in Fig. 1. A perfect connection is
assumed at the soil-pile interface. According to Refs. 2 and 3, the
amplitude of the soil responses and soil reactions at the soil-column
interface are expressed in the following forms under a steady state
vibration; respectively

{w} = ﬁ{wn}cos h,z: {pv} = ﬁ{pvn}cos h,z vertical motion(l)
{u} = ﬁ{un}cos ha2; {ph} = ﬁ {ppptcos h z lateral motion

where {w} and {u} = vectors containing the amplitudes of the two dis-
placements; {p,} and {p_} = vectors containing the amplitudes of the
two reaction forces; ﬂ} = w(2n - 1)/(2H); H = thickness of the
stratum; and & = direction of the force applied. The vectors in the
right hand side of Eq. 1 are related to each other through {4} =
Lfynd{pyn} and {Up} = (Fpnlippn} where [fynl and (fppl are 2 x 2
matrices and the value at the location (i,j) can be obtained from
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... forf =90
where G& = Gg(l+2iDs); Gg = shear modulus of the soil; Dg = damping
ratio of the soil; ro = radius of the pile; R = distance between the
two piles for 1 # j and r = rg for i = j; Ko and K] are zero and the
first order modified Bessel éantion f the second kind, respec-~
tively; &y = [(hg)2 + (ag/rg)e; sp =}hnS + (aslro)g; Gn = sp/M; N =
vp/vs; vy and vg = P-wave and S-wave velocities, respectively; af =
3gi/ ‘I+ib§; and ag = rgw/vg. Thus, the soil stiffness matrix at the
columns in the n-th mode can be obtained from [kyn] = [fynl-! and
Lknnd = Lfhnd=! where {pyp} = Lkynl{Wn} and {ppyt = Lkppllunl.
When the frequency parameter a, is large compared to Nhprg, both
L, and sy can be replaced by &, = s, = a&/ro and then the expressions
in Eq. 2 become, respectively:
K _(a*)
fvn(i'j) = ?iﬁ*g*Kola*i
0'1'%

...for® =0

Fpntiad)

_[Kl(b;§)+§ko(b3ﬁ)][2&1(a3)+a*K (a*)]-Kl(agﬁ)[ZKl(bg)+b3Ko(b3)

frp(15d) = ——— 2o 9
ﬂG;R_a;) [4K1(b3)K1(a3) + a;Kl(bg)Ko(ag) + bSKo(bE)Ko(as)J
...for0®=0°
fh " j)=-Kl(b3)[ZKl(a;)+a3K°(ag)]+[K1(a3R)+agK°(a;R)][ZKl(b3)+b;K°(b;)]
n *

ne;ﬁ(a;)2[4K1(b;)Kl(a3)+agxl(bg)Ko(a3)+b3xo(b;)K1(ag)]
... for @ =90° (3)

where b = ag /n; and R = R/rg. The expressions in Eq. 3 are indepen-
dent of the mode number n and identical to those obtained under the
plane strain conditions shown in Fig. 2. As the frequency ag
increases beyond the fundamental natural frequency of the soil
deposit, the stiffnesses lkyn] and [kpn] are found to approach quickly
to the approximate expressions of those stiffnesses obtained from Eq.
3.
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Using the approximate soil stiffness [kyg] constructed from Eq.
3, {Py} in Eq. 1 can be expressed approximately by {py} =
% [kyod {Wn} cos hpz = [kyel %{Hn} cos hpz

or {p} = [kvo]{w}, and similarly (P} = [kho] {u} (4)

The expressions in Eq. 4 indicate the soil reactions to the vibrating
columns depend only on the displacements of the columns at the depth
where the reactions are considered and are independent of those at
other depths. Thus, the soil around the sides of the columns can be
replaced by a Winkler model as shown in Fig. 3 and the parameters can
be determined from the plane strain conditions shown in Fig. 2.
Errors induced by this approximation in the soil model are very small
and neglibible for pile group problems at the frequencies higher than
the fundamental natural frequency of the soil deposit (Fig. 4).

DYNAMIC RESPONSES OF PILE GROUPS

TWO-PILE GROUPS - The upper and lower portions of the columns shown in
Fig. 1 are assumed to be occupied by the pile shaft and soil columns
as shown in Fig. 5, respectively. The columns and the surrounding
soil are divided into M segments and homogeneous soil layers. The
equations of motions of the two columns for a steady state vibration
can be written by

2
LEA] Eﬂg w + ¥ (ol () = (P
Y 4

(5)

4 2
-LEI] ;——4 {u} +w" [m] {u} = (P}
2

where [EA], [EI], and [m] = 2 x 2 diagonal axial stiffness, flexural
stiffness, and mass matrices of the columns; and y = circular excita-
tion frequency. When the soil around the sides of the columns are
replaced by a Winkler model as shown in Fig. 3, the solutions of Eq. 5
are:

2
{w} = jfl A, exp (Aij){dvj} + By exp (-AVJZ){dvj} (6)
2
{u} = j§1 Anj &P (ap52){dp;} + By s exp (-ap;2) {dy 5}
+ chj exp (ixhjz) (dhj} + Dhj exp (-ixhjz) {dhj}
where \yj and {dyj} = Jj-th eigenvalue and eigenvector for axial

response, respectively; and Ahj and {dpj} = j-th eigenvalue and eigen-
vector for flexural response, respectively. The above eigenvalues and
eigenvectors are obtained from the following equations:

DI + Dy, 0 (d,) = (0 or DApLI] - Dy ) {4} = O} (1)
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where [vy] = [EAJ-l [02[m] - [kyoll; [Yn) = [EI]-! @2[m] - [knoll;
[kyo) and Lkpngl = soil stiffness matrices obtained under the p?ane
strain conditions for vertical and lateral soil reections, respec-
tively. From Eq. 6 and the conditions shown in Fig. 6, the displace-
ments and forces at the upper end of the segment are related with
those at the bottom end through the express1on,

{ 4 %

$

l{w}l {{w} } = [t ] {Ph} (8)
{m}

j+l

where {P,} and {pp} = amplitudes of axial and shear forces in the

columns, respectively;iMr = amplitudes of moment forces in the

columns, {¢} = amplitudes of rotations of the columns; and [tvj] and

Lth = transfer matrices within the j-th segment. The relationship
ﬂq 8 for j=1 through j=M leads to

ul {u}
¥} v}
F:}} = [T1,] ‘E:}]} and NP, = (1,1 ¥t (9
v)] 1 v] M+l
m 1 M) M+1

where [Ty] = [ty1] [ty2l--+--[tymd; and [Th] = [tp1] [tn2l... . [tpu]
The zero displacement boundary conditions at the bottom of the
soil stratum lead to

u [F ] [F M
{w}l = [pr]{Pv}l; i:\l’;] . = [[F:,::J [F:)MJ] {{M} (10)

where [F] = [T12) LT22]-1; and [T12] and [T2p] = 2 x 2 submatrices for
axial response or 4 x 4 submatrices for flexural response, located in
the following positions of [T]:

{111 L1y,d

(1] = 11 12

(To1d LT2,)
GENERAL PILE GROUPS - N piles in a group and the global coordinates, x
y z, are shown in Fig. 7. Using a plane strain assumption, the soil

stiffness matrix for N piles can be expressed in a similar way as that
described above,

S {6 N
{pz} = Lka{GZ} and ‘{py} = Lk,J {5 }j (11)
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where {8y}, {8y} and {8z = vectors containing amplitudes of the N
displacements in the x, y and z directions, respectively; {py}, {py}
and {pz} = vectors containing amplitudes of the N soil reactiong in
the x, y and z directions, respectively; [ky] and [kp) = soil stiff-
ness matrices in the global coordinate system.

Using the notations corresponding to the global coordinate system
and Eg. 11, the equation of motion in Eq. 5 can be rewritten for the
global coordinate system. The matrix [T] is obtained by solving this
equation following the same procedures as those described above.
Then, the pile-head stiffness matrix of N-grouped piles is [K] = LT22J
x LTjp)-t where |T2) and (Ty2) are N x N matrices for axial response,
and 2N x 2N matrices for flexural response; and the stiffness matrices
LK for axial and flexural responses are defined by, respectively

Py (s,)
- "y oy

{p,} = K] {§,} and P} = K] 65’}] (12)
M 6}

where {¢y} and {My} = vectors containing amplitudes of N rotations and
moments around the y axis, respectively; {¢x} and {My} = vectors con-
taining amplitudes of N rotations and moments around x axis, respec-
tively.

When the piles are arranged symmetrically with respect to the x
and y axes and attached to a common rigid cap, the stiffnesses of the
piles and cap system at the center of the origin of the coordinates
are expressed by

P. geepr  gcap 8.
. cap ‘ ] U P J (13
P. =K 52 an Mi‘ = Jgeap KCapP ¢i )

¢
z ps MS Mo

where j = x and i = y for the motions on 8 = 0° plane, and j = y and i
= x for the motions on g = 90° plane; stiffness in Eq. 13 can be
obtained from K] in Eq. 12.

The pile groups attached to a rigid cap are often modeled by a
Kelvin-Voight model. The parameters of this model are defined by kCaP
= Re KC3P and c¢€aP = Im KCAP/y where kCaP and cC@P = spring and
dashpot parameters in an equivalent Kelvin-Voight model.

RESULTS AND REVIEW

. The diagonal terms of the pile-head flexibility matrix are nearly
identical to the flexibility of a single isolated pile. Thus, the
group factor can be determined using the flexibility matrix in Eg. 10
by

amplitude of Fj(l,Z)
amplitude of Fj(l,l)

where j = wP, uP, uM, P or yM. Figure 8 shows the comparison between
the static and dynamic group factors for various distances of pile

group factor =
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spacing between the two piles. The relative stiffness between pile
and soil, Kp, is defined here by Kg = (EA)/(EgL?) for axial stiffness
and Kp = (EI)/(E5L4) for flexural stiffness where L is the length of
the pile. It is seen in the figure that the dynamic conditions
increase the group effect more for more flexible piles and for 6 = 90°
than for @ = 0°. These trends are most significant in the coupling
terms, Fyp and Fym.

The dynamic response of pile groups is affected by not only the
amplitude but also the phase shift of the motions transmitted from
other piles. Figure 9 shows the variation of both the amplitude and
phase shift of the pile response induced by the other pile in two-pile
group. Both homogeneous and non-homogeneous soil profiles were used
in this study. The distribution of Young's modulus in the non-
homogeneous soil profile is defined in Fig. 10. The average soil
properties along the pile shaft length in the nonhomogeneous soil pro-
file correspond to those in the homogeneous soil profile. Figure 9
shows that the amplitude of the pile response induced by the trans-
mitted motion decreases more rapidly with distance in the
nonhomogeneous soil profile than the homogeneous profile, whereas the
phase shift increases more rapidly with distance in the nonhomogeneous
soil profile.

The material damping decreases the amplitude of the transmitted
motion. This trend 1is more pronounced in & = 90° than 8 = 0° in
flexural response. The phase shift of the response induced by the
transmitted motion in the 8 = 30° flexural response is very similar to
that in axial response, and varies with distance more rapidly than the
phase shift in the @ = (° flexural response. This is because the
motion 1is governed by the S-wave in both axial and 6 = 90° flexural
responses and by the P-wave in the 8 = 0° flexural response.

Because of the difference in the phase shift between the pile
responses induced by direct loading and by the transmitted motion, the
behaviors of the spring and dashpot parameters of the pile group
differ from those of a single isolated pile as shown in Fig. 11;
where the curve "no group effect" shows the behaviors of a single
isolated pile. The peak value occurs when the phase shift between the
Fj(l,l) and F3(1,2) is equal tom.

When the 2 x 4 piles attached to a rigid cap shown in Fig. 12 is
considered, the spring and dashpot parameters vary with frequency as
shown in Fig. 13. The behaviors of these parameters result from the
superposition of the transmitted motions from all the piles through
the soil medium.

CONCLUSIONS

For the analysis of dynamic response of pile groups, the soil
around the pile shafts can be reasonably well modeled as a Winkler
model. This Winkler model for the pile group can be defined from the
behavior of a plane strain medium, and is capable of reproducing the
pile-soil-pile interaction.

The dynamic response of pile groups results from the super-
position between the pile responses directly induced and induced by
the transmitted motions from other piles in a group throught the wave
motion in the soil medium. The behaviors of the pile groups is
generally more strongly frequency dependent than that of single piles.
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This is due to the phase shifts between the directly induced pile
motion and the transmitted motions. Thus, the frequency dependent
behavior of pile groups is controlled by the type of predominant waves
induced in the soil, frequency, and distance of pile spacing. The
effect of the soil material damping is primarily a reduction of the
amplitude of the transmitted motion. Gibson type nonhomogeneity in
the soil profile tends to decrease the amplitude but increase the
phase shift of the transmitted motion from those values corresponding
to a homogeneous soil profile.
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